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Abstract—Energy consumption is an important issue in
robotics. This article deals with the problem of reducing the
energy consumption of compliant electro-mechanical systems
while performing periodic tasks. After deriving performance
indices to quantify the energy consumption of a mechanical
system, we propose a method to determine both the optimal
compliant actuation parameters, and link trajectories to mini-
mize energy consumption. We show how this problem can be cast
in a simpler one where the optimization regards only parameters
that define the shape of periodic trajectories to be subsequently
determined by using numerical optimization tools. Indeed, in our
framework, the optimal stiffness and spring preload can be ana-
lytically obtained as a function of the desired link trajectories.
We then provide simulations and experimental validations of the
obtained results on a two-link compliant manipulator platform
which performs a repetitive pick-and-place task. Our experiments
show that the use of compliant actuators instead of rigid ones
and the optimization of their compliant parameters give rise
to an energy saving up to 62% with respect to rigid actuation.
Moreover, the simultaneous optimization of the compliant param-
eters and link trajectories provide an additional energy saving
up to 20%.

Index Terms—Compliant actuation, elastic robots, energy sav-
ing, parallel elastic actuators (PEAs), series elastic actuators
(SEAs), stiffness optimization, trajectory optimization.

I. INTRODUCTION

ENERGY efficiency is a fundamental issue on a global
scale, and it plays a key role in the Sustainable

Development Goals of the UN2030 Agenda [1]. The reduction
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of energy consumption is vital in many aspects of our daily
life and is also a relevant topic in the manufacturing industry
and in robotics [2], [3]. It is, especially, relevant when con-
sidering autonomous electro-mechanical systems that perform
repetitive movements such as pick-and-place tasks in indus-
trial environments. The reduction of energy consumption of
mechanical systems can be achieved by using one or a com-
bination of different strategies, e.g., by properly designing the
mechanical structure and the actuators (see [4], [5], [6]), con-
trollers (see [7], [8]), and trajectories (see [9], [10], [11]).
Indeed, actuators are crucial components that dramatically
affect the performance of robots.

Developments in this field have introduced fixed or phys-
ically adjustable compliant elements to enrich the dynamics
of conventional motors. These devices provide advantages
w.r.t. rigid actuators, including higher peak torque, higher
peak speed, lower energy consumption, and improved safety
(see [12], [13]). This tendency is the so-called elastic actua-
tion, used for instance in manipulation [14], or in humanoid
design [15].

Among elastic actuators, two important categories are paral-
lel elastic actuators (PEAs) and series elastic actuators (SEAs).
PEAs have an elastic element in parallel with the motor (i.e.,
between two links) [16], while SEAs have a linear compliant
element between a high-impedance actuator and the load.

Other examples of soft actuators are variable stiffness
actuators (VSAs) that have mechanically adjustable stiffness,
and variable impedance actuators (VIAs) that have brakes
or dampers to adjust the impedance [17]. Recent studies
explore the role of such devices to enhance performance,
in highly dynamic tasks. For instance, Park et al. [18]
and Garabini et al. [19] presented a method to optimally
choose the stiffness to maximize the velocity of a VSA at
a given final position with free final time.

Recent studies analyzed the efficiency of PEAs and SEAs
in sinusoidal trajectories, showing that, when properly tuned,
such devices allow significant energy savings, ranging between
20% and 78%, with respect to a rigid actuation [20].
Moreover [21] shows that, when studying PEAs and SEAs,
a dynamic model of the motor is key to accurately predicting
the power consumption of the actuation system.

Energy efficiency using PEAs is also specifically eval-
uated in [22], where authors study the effects of passive
joint stiffness in the hip and knee of a biped robot. In a
similar way, Schauss et al. [23] introduced the effects of stiff-
ness in the ankle to reduce energy consumption on bipedal
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Fig. 1. Compliant mechanical systems with SEAs and PEAs in repetitive
tasks. In our framework, the minimization of the energy consumption in terms
of compliant parameters β and link trajectories qd can be decoupled: we first
obtain an analytical expression of the compliant parameters as a function
of the link trajectories (β(qd)) and then, we determine, by using numerical
optimization tools, the optimal link trajectories q∗

d .

locomotion. Additionally, Yesilevskiy et al. [24] evaluated the
energy consumption of PEAs and SEAs in a hopping motion.
Moreover, in [25] the energy efficiency of VSAs is evaluated.
Finally, Scheint et al. [26] addressed the role of compliance
in walking controller synthesis and carry out the simultaneous
optimization of the gait and leg spring stiffness for a biped
that uses PEAs, as well as the optimization of the gait at a
fixed leg spring stiffness. The latter work does not address the
SEAs case.

This article aims at exploring the use of compliant actuators
to enhance the performance of mechanical systems. In par-
ticular, our objective is to determine compliant parameters of
PEAs and SEAs, i.e., stiffness, spring preload, and the link tra-
jectories to perform repetitive/periodic motions with minimum
energy consumption (see Fig. 1).

In the literature, several approaches try to find compli-
ant parameters and link trajectories with minimum energy
consumption. However, a methodology that recast the
optimization problem in order to determine how to tune simul-
taneously soft actuation and to select the link trajectories for
reducing the energy consumption of mechanical systems is
still missing.

Typically the aforementioned problems are separately tack-
led. Regarding trajectory optimization (or optimal control)
alone, there is a comprehensive literature body that spans
from minimum-time problems to efficiency maximization.
Several works have been proposed in this regard. For
instance, Consolini et al. [27], [28] presented a globally
optimal feedforward control technique that allows a Flexible-
Joint Robot to perform a smooth rest-to-rest motion and to
remove the link oscillations, by leveraging a linear program-
ming approach. A similar bang-bang regulation controller
is proposed in [29], in which the problem is recast into
a two-body mechanical problem, while vibrations suppres-
sion via an optimization technique is achieved in [30]. Other
numerical solutions that deal with the time-optimal trajectory
planning problem are in [31], where the SEA case is ana-
lyzed and in [32] and [33] for the VSA-adj category. The
latter exploits an iterative linear quadratic regulator (iLQR)
approach. Moreover, solutions are given in [34], for the VSA
case. The same problem is analyzed in [35] for a different

actuator concept, in which the offline-generated trajectories are
embedded into principal components (PCs) to be reused online
with a reduced computational cost. On the other hand, to the
best of our knowledge, the problem of parameter optimization
alone has been analyzed for few specific cases. For example,
the stiffness value to reduce the energy consumption of a biped
running robot is addressed in [36], where the authors tune the
optimal stiffness for an SEA without optimizing the trajectory.

Regarding the simultaneous design of the robot trajectories
and the springs, Schmit and Okada [37] presented a method to
minimize the actuator torques in the case of PEAs. Similarly
to our proposal, the optimization problem is treated as a
trajectory optimization problem. This approach is extended
in [9], where optimal control theory is used to find the tra-
jectories for PEA robots that work in production lines. This
work is different from our methodology in that the authors
find trajectories by inverse dynamics, and then they obtain the
optimal spring force profile. In addition to compliant electro-
mechanical systems, the proposed optimization method can
also be applied to improve the performance of other parallel
elastic concepts, e.g., some passive exoskeletons [38].

A. Contribution of This Article

In [39] we investigated the optimization of the stiffness and
preload of PEAs and SEAs in fully actuated and underactuated
mechanical systems without, first, providing a clear relation-
ship between the performance indices that we considered and
the actual energy consumption and, second, solving the rele-
vant problem of concurrently optimizing stiffness/preload and
periodic link trajectories parameters.

In this article, after recalling the cost indexes to be opti-
mized (that have been already introduced in [39]), we discuss
better the physical relation between these cost indices and the
energy consumption of a robot powered by electrical motors
(Section III). Then, we present the methodology that allows to
obtain beforehand the analytic expression of the optimal com-
pliant parameters in terms of generic link trajectories (already
proposed in [39]), and we extend this methodology in order
to cast the overall optimization problem in a simpler one
where only the parameters that define the optimal periodic
link trajectories should be optimized (Section V). More specif-
ically, we express the optimal control problem in the classical
Bolza form, and the trajectory parameters are subsequently
obtained by applying numerical optimization tools. We apply
our methodology to a two-link manipulator actuated by SEAs
both in simulation and experiments, the latter on a 2 degrees of
freedom (DoF) manipulator prototype (Section VI). We show
that the use of optimal stiffness allows an energy saving up to
62% w.r.t. rigid actuation. On the other hand, by concurrently
optimizing the trajectories and the actuation parameters, an
additional energy saving of at least 20% is achieved.

This article is structured as follows: in Section II the optimal
control problem is stated. In Section III, we derive a realis-
tic measurement of the energy consumption of a system and
we propose two performance indices which allow to find an
analytical solution to our problem, providing their relation-
ship with the realistic energy consumption. In Section IV,
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the optimal value of the compliant parameters in analytic
form is obtained as a function of the link trajectories. Then,
in Section V, the optimization problem is reformulated only
in terms of the link trajectories in a standard form and in
Section VI an example in the standard form is optimized with
the numerical optimization tool GPOPS-II in order to find the
optimal parameters that define the periodic link trajectories.
Finally, in Section VII experimental results for that example
are also reported, while Section VIII concludes this article.

II. PROBLEM STATEMENT

In this section, we show the different mechanical systems
considered in this article and their dynamical models, and
we state the optimization problem as in [39]. We refer to
the following definitions: mechanical systems can be fully
actuated if it is possible to control the acceleration of each
DoF [40], or underactuated if there are less control inputs
than DoF [41]. Moreover, depending on how and where the
springs are placed in the system, the dynamics of a mechanical
system can assume particular forms. The method proposed in
this article is general enough to be applied to n-DoF systems
that use compliant actuation with nonlinear and nondiagonal
stiffness matrix. Nonetheless, we will first analyze the case
with linear and diagonal stiffness matrices to gain an insight
and clarify the matter.

A. Mechanical Systems With PEAs and SEAs

Let us consider an underactuated compliant mechanical
system actuated by PEAs. Indicating by q ∈ �n and z ∈ �m the
actuated and the nonactuated generalized coordinates, respec-
tively, and by τ ∈ �n the generalized torque provided by
actuators, the dynamics can be written as follows:

fu(z̈, ż, z, q̈, q̇, q, t) = 0 (1)

fa(z̈, ż, z, q̈, q̇, q, t) = −K(qe − q) + τ (2)

where qe ∈ �n is the spring preload and K ∈ �n×n is the
stiffness matrix. The terms fu and fa include inertia, coriolis,
and gravity terms.

In case the system is fully actuated the dynamics can be
written as follows:

f (q̈, q̇, q, t) = K(qe − q) + τ. (3)

Notice that by integration of (1) it is possible to find z as a
function of the desired trajectories qd(t). Hence, by substitut-
ing z in (2), we can obtain equations in the form of (3) where
qd takes the place of q. Therefore, analyzing systems that are
fully actuated also covers the cases of mechanical systems that
are underactuated. Notice that the transformation of (1) and (2)
into (3) by the integration of (1) may ignore possibly unstable
zero dynamics. However, this is not discussed further in this
article since in the next sections we will refer to PEAs and
SEAs. Parallel elastic actuation does not change the size of the
state of the system, and, hence, it cannot lead to zero dynam-
ics. In principle SEAs could lead to zero dynamics, however,
flexible joint robots are completely feedback linearizable as
shown in [42].

Consider now an underactuated mechanical system actuated
by SEAs with the following dynamics1:

fu(z̈, ż, z, q̈, q̇, q, t) = 0 (4)

fa(z̈, ż, z, q̈, q̇, q, t) = −K(q − θ) (5)

Jmθ̈ = K(q − θ) + τ (6)

where θ ∈ �n is the vector of the motor positions and Jm

is the inertia matrix of the motors. The use of SEAs instead
of PEAs increases the number of DoFs, which become 2n,
while the control inputs remain n. In case the system is fully
actuated the dynamics become

f (q̈, q̇, q, t) = −K(q − θ) (7)

Jmθ̈ = K(q − θ) + τ. (8)

Notice also, here, that by integration of (4) it is possible
to find z(qd) and that, by substituting z in (5), we can obtain
equations in the form (7) where qd takes the place of q. Thus,
analyzing systems that have 1 SEA for each DoF [as in (7)
and (8)] also covers the cases of mechanical systems that are
further underactuated with SEAs as in (4)–(6).

B. Optimization Problem

In this article, we consider the problem of determining the
optimal stiffness K̂ and/or preload q̂e, as well as optimal link
trajectories q̂(t), such that the cost functional Ji is minimized,
i.e., the following optimization problem:

min
τ(t),β,q(t)

Ji(q, q̇, q̈, β(q)), i ∈ {1, 2}

s.t.

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Dynamics equations
q(t) = q(t + T)

ξ1(q, q̇, q̈) ≤ 0
ξ2(q, q̇, q̈) = 0
βm ≤ β ≤ βM

(9)

where the term Dynamics equations corresponds to (3) or
both (7) and (8), depending on the actuation case. Ji is a cost
functional based on the energy consumption that will be ana-
lyzed in the following section. β is a vector containing, in
case of PEAs, both joint stiffness K and preload qe with lim-
its βM = [KM, qe,M] and βm = [Km, qe,m]; or, in case of
SEAs, only stiffness K with limits βM = KM and βm = Km.
Finally, the nonlinear constraints ξ1 and ξ2, which depend on
the variables q, q̇, and q̈, define the task. For instance, in a pick-
and-place task, we constrain the motion of the end-effector to
the line between two specific points.

III. PHYSICAL RELEVANCE OF PERFORMANCE INDICES

The indices proposed in this work allow us to find an analyt-
ical solution to the optimization problem and are related to the
energy consumption of a system. In this section, we derive first
an index that gives a realistic measurement of a mechanical
system’s energy consumption. Then we propose two indices

1Viscous friction term is not written to make analytical calculations sim-
pler. Adding the corresponding term does not change the procedure. In
the experimental tests presented in this article, viscous friction is indeed
considered.
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that allow us to solve the problem analytically, and finally,
we present their relation with the energy measurement of the
system.

A. Energy Consumption Index With Energy Recovery

For simplicity, consider an actuation system based on dc
electric motors, each of which can be modeled as follows:

v(t) = R i(t) + L
d i(t)

dt
+ KI ω(t)

τ (t) = KI i(t) (10)

where v(t) is the input voltage, i(t) is the absorbed current,
R, L, and KI are the motor internal resistance, inductance,
and torque factor (to ease the notation, the torque and speed
constants are both considered equal to KI), τ(t) is the torque
and ω(t) is the output shaft speed. Notice that ω(t) can be
either q̇(t) for a joint actuated with PEA, or θ̇ (t) for a joint
actuated with SEA.

Considering a cyclic trajectory, for which i(t) = i(t + T)∀t,
it holds that

∫ T
0 L (di/dt)i(t) dt = (1/2) L i(t)2|T0 = 0, thus

E =
∫ T

0
v i dt =

∫ T

0

(

R i2 + L
di

dt
i + KI ω i

)

dt

=
∫ T

0
R i2dt +

∫ T

0
KI ω i dt (11)

is the energy consumption of the system.
Due to the direct relation between current and torque, we

can rewrite (11) as follows:

E = γe

∫ T

0
τ 2(t) dt + γm

∫ T

0
τ(t) ω(t) dt

def= Ee + Em (12)

where γe is an experimental parameter, γe = (R/K2
I ), γm = 1,

and KI can be obtained as the ratio between nominal torque
and nominal current. We defined Ee as the integral of dis-
sipated power inside the motor and Em as the integral of
mechanical power at the motor output.

B. Energy Consumption Index Without Energy Recovery

Em can be positive when accelerating, or negative when
braking.

If the motor could be used as a generator, without
losses, (12) would be correct, but in most of the cases of
interest this is not true. Thus, the definition (12) changes as
follows.

Let η ∈ [0 ÷ 1] be the efficiency of the motor energy
recovery (zero if the motor cannot be used as a generator)
and consider a function

	(x, η) =
{

x, if x ≥ 0
η x, otherwise

(13)

thus, we can define a new parameter, Em, that is more accurate
than the previously defined Em

Em =
∫ T

0
	(τ(t) ω(t), η) dt. (14)

Equation (12) combined with (14) provides a realistic mea-
sure of the system energy. We can now write the index JT ,

Fig. 2. Single joint system for the evaluation of the performance indices.

also considering the reduction ratio N at the motor side, such
that

JT = γe

∫ T

0

τ 2(t)

N2
dt +

∫ T

0
	(τ(t) ω(t), η)dt. (15)

Notice that when η 	= 1, using (15) as cost functional in the
optimization problem does not lead to an analytical solution.

C. Performance Indices

We propose two cost functionals, namely, Squared Power
J1 and Squared Torque J2, in order to find the values of the
optimal joint stiffness K̂ and preload q̂e (the latter for PEAs),
together with the optimal link trajectories q̂(t).

1) Squared-Power Index: Squared mechanical power over
the n joints in a period T

J1 =
n∑

j=1

∫ T

0

(
τj(t)ωj(t)

)2
dt. (16)

2) Squared-Torque Index: Square of the torque τ over the
n joints in a period T

J2 =
n∑

j=1

∫ T

0
τ 2

j (t) dt. (17)

D. Relation of the Derived Index With the Proposed
Performance Indices

Here, we present a detailed analysis to determine the rel-
evance of the proposed indices J1 and J2 and their relation
with JT .

For the analysis, we consider a single joint linear system,
as the one in Fig. 2, with inertia M, damping c, and stiffness
K whose dynamics are described by Mq̈ + cq̇ + K(q − θ) = 0.

Assume that the desired link trajectory is given as a sinu-
soidal function of the form q(t) = A sin(ωt), with A and ω the
amplitude and the speed of the motion, respectively. The idea
is to determine which of the proposed indices represents more
accurately the behavior of the system’s energy. With this aim,
we compare in several cases, K̂ and Ji from the solution of
the problem (9) with the numerical solution of the problem
using (15) as a reference for a realistic cost functional.

The results are shown in Fig. 3 where K̂T , K̂1, and K̂2 rep-
resent the optimal stiffness that is obtained by minimizing JT ,
J1, and J2, respectively.

First, let us analyze the case of an ideal motor, where η = 1,
i.e., energy is completely recovered when braking. In this case,
the index J2 based on the squared torque indicates better the
real energy consumption of the system [i.e., K̂2 is equal to K̂T(η

= 1)], regardless of the parameters c, ω, nor the gear reduction
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Fig. 3. Optimal stiffness varying the frequency ω and the efficiency η for different values of damping c and low reduction ratio N. K1, K2, and KT denote,
respectively, the optimal stiffness result using J1, J2, and the total energy in (15) (dashed lines). The simulation values for the single joint system are M = 0.1,
A = π/3, ω ∈ [1, 10] rad/s, η ∈ [0, 1]. γe = (R/KI) = 3.8, R = 3.69 �, KI = Cn/In, Cn = 0.84, and In = 0.87. (a) Comparison using N = 1 and c = 0.25.
(b) Comparison using N = 1 and c = 1. (c) Comparison using N = 30 and c = 0.25.

TABLE I
COST FUNCTIONS THAT BETTER REPRESENT THE BEHAVIOR OF ENERGY

CONSUMPTION DEPENDING ON η AND N . WHERE � APPEARS, THE COST

FUNCTION THAT BETTER REPRESENTS THE ENERGY CONSUMPTION CAN

BE EITHER J1 OR J2, SO THE SPECIFIC CASE MUST BE ANALYZED

ratio N. The optimal stiffness obtained when minimizing J2
(red continuous lines) is in all cases K̂ = 0.1 [Nm/rad].

Now, consider the case in which η = 0, i.e., the motor can-
not be used as a generator. In this case, the system’s parameters
become more relevant to the discussion. In particular, we will
focus on the effects of the link damping c and the reduc-
tion ratio N. With a high reduction ratio, it is better to use
the index J1 based on the mechanical power of the system.
If the reduction ratio is low (N → 1) and there is negligi-
ble damping, the best approach is still J1; however, none of
the indices predicts the energy consumption behavior when the
system is damped. As observed, while the efficiency decreases,
the results when using J1 (blue lines) approximate better the
behavior of the index given by the energy consumption of
the system. Depending on the motor efficiency, the system’s
behavior is better described by J1 or J2, but the results may not
coincide as in Fig. 3(a) and (b). On the other hand, Fig. 3(c)
shows that in some cases, the behavior is more likely repre-
sented by the index J1, unless the motor is ideal, i.e., η = 1.
So, when η = 1, if there is no damping (or it is negligible)
the term

∫ T
0 τ(t)ω(t)dt becomes (almost) zero and the index

is well represented by the term
∫ T

0 τ 2(t)dt. If, on the other
extreme, η = 0, the term

∫ T
0 	(τ(t) ω(t), η)dt increases, and if

N is high, the term (γe/N2)
∫ T

0 τ 2dt can be neglected. All the
aforementioned cases are summarized in Table I.

IV. OPTIMIZATION OF STIFFNESS AND PRELOAD

PARAMETERS

We can now briefly recall the computation done in [39]
where the optimal compliant actuation parameters of mechan-
ical systems presented in Section II under the hypothesis that

K = diag[K1, K2, . . . , Kn] and Jm = diag[Jm1, Jm2, . . . , Jmn]
(which is valid for many mechanical systems) are derived.
Velasco et al. [39] also showed that, once the optimal actua-
tion parameters are obtained as a function of the chosen set of
desired link trajectories qd(t), the problem of optimizing the
actuation parameters and the link trajectories can be cast in a
simpler problem where the optimization regards only the lat-
ter. However, the problem of finding optimal cyclic trajectories
has not been solved in [39].

Regarding the optimal stiffness and preload parameters, for
the case of PEAs, in [39] it has been shown that the optimal
solution for each Kj is such that (∂J1,j/∂Kj) = 0 and can be
found by solving the equation: 4AS,j + 3KjBS,j + 2CS,jK2

j +
DS,jK3

j = 0, where the value of the coefficients can be found
in [39, Sec. III].

For the case of SEAs, the optimal solution for each Kj is
such that (∂J2,j/∂Kj) = 0 and

J2,j = FS,j

K2
j

+ GS,j

Kj
+ HS,j, K̂j = −2

FS,j

GS,j
(18)

FS,j =
∫ T

0

(
Jmj f̈j

)2
dt, HS,j =

∫ T

0

(
Jmj q̈d,j + fj

)2
dt

GS,j =
∫ T

0
2Jmj f̈j

(
Jmj q̈d,j + fj

)
dt

where f̈j and q̈d,j are the second time derivative of the jth
component of f and qd, respectively.

The optimal values of stiffness K̂j may not necessarily be
inside an admissible range of values. In this case, the optimal
values will be on the boundary of the admissible set of values
as described in [39, Sec. III].

V. TRAJECTORY OPTIMIZATION PROBLEM

With the procedure followed so far, we can replace the
optimal values of β(q) in (9) and, hence, reformulate the
problem in terms of the link trajectories, q(t) which are now
the only optimization variables. In other words, we have now
the following simpler optimization problem:

min
τ(t),q

Ji(q, q̇, q̈), i ∈ {1, 2}
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s.t.

⎧
⎪⎪⎨

⎪⎪⎩

Dynamics equations
q(t) = q(t + T)

ξ1(q, q̇, q̈) ≤ 0
ξ2(q, q̇, q̈) = 0.

(19)

Notice that we would like to write the new optimization
problem in a conventional form, e.g., in a general Bolza form,
as follows:

min
u(t)

�
(
x
(
tf
))+

∫ tf

t0
L(x(t), u(t))dt

s.t.

⎧
⎪⎪⎨

⎪⎪⎩

ẋ = g(x(t), u(t))
x(0) = x0
χ1(x) ≤ 0
χ2(x) = 0

(20)

where �(·) and L(·) provide a mathematical representation
of the objective function in terms of the states x(t) and the
control input u(t); g(·) is a function of the system dynamics;
x0 denotes the initial conditions for the states, and χ1 and χ2
are the nonlinear constraints that define the task.

For example, let us consider the SEA case using the cost
functional J2. Replacing the coefficients FS,j, GS,j, HS,j, and
the optimal stiffness K̂j (18), in the cost functional J2,j (18),
it yields

J2,j = G2
S,j

4FS,j
− G2

S,j

2FS,j
+ HS,j = − G2

S,j

4FS,j
+ HS,j

= −
[∫ T

0 2Jmj f̈j
(
Jmj q̈d,j + fj

)
dt
]2

4
(∫ T

0

(
Jmj f̈j

)2
dt
)

+
∫ T

0

(
Jmj q̈d,j + fj

)2
dt

which is not in the form (20).
Having the optimization problem written in the Bolza form

would be useful to solve the optimal trajectory using GPOPS-
II [43]. To translate the problem we propose the following
steps, providing an example for an SEA using the cost
index J2.

1) Write the actuated dynamics of the system as in (7), that
can be expanded as follows:

f = M(q)q̈ + C(q, q̇)q̇ + Kvq̇ (21)

which describes a planar manipulator, where M(q),
C(q, q̇), and Kv, are in order the inertia, coriolis, and
damping matrices; q, q̇, and q̈ are the link positions,
velocities, and accelerations, respectively.

2) Define a vector of augmented state variables that take
into account all the system dynamics. In the SEA
case of the example the dynamics are represented
by (7), (8), (21), and the augmented state space vector
x(t) can be written as follows:

x(t) = [
xT

1 , xT
2 , xT

3 , xT
4 , xT

5 , xT
6 , xT

7 , xT
8

]T

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

x1(t)
x2(t)
x3(t)
x4(t)
x5(t)
x6(t)
x7(t)
x8(t)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

q
q̇
q̈...
q

....
q

∫ t
0

(
Jmf̈

)2
dt

∫ t
0 2Jmf̈ (Jmq̈ + f )dt
∫ t

0 (Jmq̈ + f )2dt

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Notice that in this example x(t) ∈ �8n as each of the
eight vectors x1(t).. x8(t) has n components.

3) Write the corresponding augmented state space dynam-
ics ẋ = g(x(t), u(t)) which in this case is

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ẋ1
ẋ2
ẋ3
ẋ4
ẋ5
ẋ6
ẋ7
ẋ8

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

x2
x3
x4
x5

V(t)
(
Jmf̈

)2

2Jmf̈ (Jmx3 + f )
(Jmx3 + f )2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(22)

where V(t) is for example a piecewise continuous
function,

f = M(x1)x3 + C(x1, x2)x2 + Kvx2

f̈ = M̈(x1, x2, x3)x3 + 2Ṁ(x1, x2)x4 + M(x1)x5

+ C̈(x1, x2, x3, x4)x2 + 2Ċ(x1, x2, x3)x3

+ C(x1, x2)x4 + Kvx4.

4) Write the cost functional in terms of the state variables.
In this example we choose the expression of J2, which is

�
(
x
(
tf
)) = J2 =

n∑

j=1

J2,j =
n∑

j=1

(

− x2
7,j

4x6,j
+ x8,j

)

L(x(t), u(t)) = 0. (23)

5) Evaluate the other constraints χ1 and χ2 of (20), which
in this case are zero.

6) Knowing the initial conditions x(0) = x0, the optimal
trajectories can now be solved numerically, for example
by using GPOPS-II.

For all cases considered, namely, systems actuated by PEAs
or by SEAs using indices J1 or J2, the same procedure can be
followed according to the specific case, i.e., the states might
be properly chosen and the formulation needs to be adapted
to the dynamics of the system.

VI. EXAMPLES OF SIMULTANEOUS OPTIMIZATION OF

STIFFNESS AND LINK TRAJECTORIES

The problem in (19), after applying the methodology
proposed, depends only on the trajectories. At this point, it
is still an optimal control problem that can be solved, for
instance, using nonlinear programming methods. Particularly,
we use a general-purpose optimal control software (general
pseudospectral optimization control software-GPOPS-II) to
find the optimal trajectories.
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As defined in [43], the optimization problem that will be
solved using GPOPS-II is stated in details in the following.

1) Determine the desired task: for the example, a pick and
place-like task to be executed with a two-link planar
manipulator. Two points of interest are required; e.g., the
starting (pick) point Qs and the end (place) point Qe of
the end-effector, defined in the cartesian space.

2) Consider that the problem can be written in p phases,
where p indicates a number of events for which one
or more conditions may change. For the example, with
p = 2; the phases are defined as follows.

a) Phase 1: The motions of the system to go from Qs

to Qe in a time interval [0, T1].
b) Events: In the start and end points, joint velocity

is zero.
c) Phase 2: The motions of the system to go from Qe

to Qs in a time interval [T1, T2].
3) Write the cost function for each phase in terms of the

state variables as in (23). In this case the cost function
does not change for each phase.

4) Define the constraints for the desired task.
a) Dynamic constraints, defined as ẋ(p) =

a(p)[x(p), u(p), t(p)]. For this problem, the dynamics
is defined as in (22).

b) Event constraints given by bmin ≤
b[x(p), u(p), t(p), s] ≤ bmax. For this problem,
when the event occurs, i.e., the start or end points
are achieved and the velocity of the joints becomes
zero, all the states have the same value, which
ensures that the trajectory is continuous.

c) Other constraints as inequality path constraints,
defined as cmin ≤ c[x(p), u(p), t(p)] ≤ cmax or state
constraints defined as q(p)

min ≤ q(p) ≤ q(p)
max. For

this example, the minimum and maximum bounds
that the states may achieve considering the phys-
ical characteristics of the system, and the desired
initial and end points in the Cartesian space.

Notice that the constraints defined here correspond to
the constraints defined in (19).

In the following example, we analyze a two-link robot
actuated by SEAs and we compute the cost when using sinu-
soidal trajectories (Section VI-A) and the cost when using the
optimized trajectories (Section VI-B).

A. Two-Link Manipulator: Example of Stiffness Optimization

Consider now a two-link manipulator actuated by SEAs,
which is, hence, an underactuated system (two motors and
four DoF), whose dynamics is given by (7) and (8). Assume
that q1,d = A1 sin(ωt)+ B1 and q2,d = A2 sin(ωt)+ B2 are the
desired link trajectories. The robot performs a pick and place-
like task on a horizontal plane, moving from a given initial
position Q1 to a given final position Q2. For this example, sev-
eral simulations are reported in [39], where it is shown that
the optimization of the stiffness allows to save up to 62% of
energy w.r.t. the rigid case. One particular case is presented,
here, as a general example of the overall results. For this case,
the desired initial and final positions of the end effector in the

TABLE II
COST INDEX J1 (SIMULATED) FOR DIFFERENT VALUES OF STIFFNESS IN

A TWO-LINK ROBOT ACTUATED BY SEAS. K̂ IS THE OPTIMAL STIFFNESS

VALUE DETERMINED FROM THE SIMULATIONS. K∗ IS THE NEAREST

ELASTIC CONSTANT AVAILABLE FOR THE IMPLEMENTATION. THE

TRAJECTORIES OF JOINTS 1 AND 2 ARE q1 = 0.45 cos 4.5t + 1.5 AND

q2 = 1.5 cos 4.5t + 0.1, RESPECTIVELY

TABLE III
PARAMETERS USED FOR THE EXAMPLE PRESENTED, EMULATING

A PICK AND PLACE TASK

task space are given by the cartesian points Q1 = (−13; 5)

and Q2 = (14; 6) (in centimeters). The desired link trajec-
tories calculated by inverse kinematics are assumed to be
sinusoidal at a frequency ω = 4.5 rad/s and the amplitudes
and bias angles are, respectively, A1 = 0.45 rad, B1 = 1.5
rad, A2 = 1.5 rad, and B2 = 0.1 rad. Table II shows the simu-
lation results after applying the proposed method to determine
the optimal stiffness for each joint with respect to J1

In this case, from the simulation we obtain K̂1 = 0.2 Nm/rad
and K̂2 = 0.09 Nm/rad. We observe that for lower values of
stiffness the cost reaches a maximum value. This confirms
that it is not worth to use softer actuators than the optimal.
The simulation results presented, here, will be useful for a
more complete understanding of the problem together with
the experimental results in next section.

B. Two-Link Manipulator: Example of Simultaneous
Optimization of Stiffness and Trajectory

Now, for the same two-link manipulator, we define the
desired cartesian points of start (Qs) and end (Qe) of a pick
and place task and calculate the initial conditions of position
and velocity for each joint to reach the desired points. Table III
shows the parameters set for the example reported here.

Using the optimization software GPOPS-II, the optimal link
trajectories q̂1(t) and q̂2(t) are obtained, as well as the optimal
stiffness K̂1 and K̂2 such that they satisfy the constraints and
minimize the cost functional J2 = J2,1 + J2,2. Fig. 4 shows
the resulting optimal trajectories for the desired task. Notice
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Fig. 4. Optimized link trajectories for a two-link SEA manipulator. q is the
position, q̇ is the velocity, and q̈ is the acceleration.

that the trajectories obtained are periodic, but they are not
sinusoidal.

With the optimized trajectories and the optimal stiffness
K̂1 = 0.002 Nm/rad and K̂2 = 0.0001 Nm/rad, the cost is
J2 = 3.5 × 10−4. Using other trajectories rather than the
optimal ones, e.g., sinusoidal trajectories that satisfy the con-
straints, we obtain J2 = 4.3 × 10−4 with K̂1 = 0.1 Nm/rad
and K̂2 = 0.001 Nm/rad. This means that the optimization
of the trajectories can further reduce the energy consumption.
For this particular case, the reduction is of 20% w.r.t. the case
when only the stiffness is optimized.

VII. EXPERIMENTAL RESULTS

To show the validity and the applicability of the methodol-
ogy extension proposed in this article, we report the results of
experimental tests. More specifically, we present the example
of a two-link robot actuated by SEAs which performs a pick
and place task. We report the results when using predefined
cyclic trajectories and we carry out the optimization of its link
trajectories. We leave as a proposal for future work a robust-
ness analysis and a detailed performance comparison between
the state-of-the-art and the methodology extension proposed
in this article.

A. Two-Link Manipulator

1) System Description: The prototype of the manipulator
is represented in Fig. 5. It is an underactuated arm with two
links (n. 1 in Fig. 5), the first link is composed by the parts
highlighted in green, while the second by the blue part. The
joints (2), are connected to the motors (3) by means of series
elastic transmissions (4). Each transmission is composed by
two pulleys connected by a rubber band. Either the joints and
the links are provided with contactless magnetic rotary posi-
tion sensors AS50452 (n. 5 in Fig. 5). Additionally, hall effect
analog current sensors ACS7143 have been placed in series
to each motor in order to measure the current consumption
during the task. An electronic board4 is used to acquire the
measurements and to implement a closed-loop position con-
trol scheme. All the position measurements acquired from the

2http://www.ams.com
3http://www.pololu.com/file/0J196/ACS714-Datasheet.pdf
4http://www.naturalmotioninitiative.com/

Fig. 5. Prototype of the 2 DoF manipulator actuated by SEAs. The main
components are highlighted as follows: links (1); joints (2); motors (3); elastic
transmissions (4); and sensors (5).

sensors have been filtered using a Butterworth lowpass filter,
with cutoff frequency ωc = 15 rad/s to reduce noise effects.

2) Index Calculation: Let τ = KII , be the torque
needed to generate a motion, where KI is the datasheet value
18.4 mN/A,5 and I is the current measurement sampled each
5 ms. Then the cost indices can be calculated by replacing this
torque τ , in (16), and (17).

Additionally, for the analysis, consider the root mean square
value of the current (IRMS), calculated as follows:

IRMSj =
√

1

T

(∫ t0+T

t0
I2
j (t)dt

)

(24)

which in practice is strictly related to the cost indices
proposed. To implement the IRMS function, the current mea-
surements are squared and then filtered using a Butterworth
lowpass filter with cutoff frequency ωc = 2 rad/s.

3) Experimental Tests: We determine the optimal spring
constant for each joint by applying the methodology proposed.
To implement the optimal stiffness, we characterize different
elastic elements (series elastic transmissions) using a Materials
Testing Machine.6 Thus, we obtain the curve of the force ver-
sus the displacement F = −k�(x) for each elastic rubber band.
The elastic elements used are approximately linear, so we can
calculate the elastic constant k (in N/m). Fig. 6-left shows the
characteristic curve of one of the elastic rubbers having length
L = 16 cm. A force is applied at constant speed to elongate
it up to 2 cm, and the cycle is repeated several times for each
trial. With a linear regression method we obtain k = 640 N/m.
Fig. 6-right shows the characteristic curve of a softer elas-
tic band. Notice that the curve has a linear region, which is
considered for the analysis; although the rubber bands char-
acteristic is assumed approximately linear, nonlinearities exist
and must be checked during the experiments since their effect
can be significant [44]. For example, the measurement of the
hysteresis shown in Fig. 6 yields a value of 41.4 mJ/cycle for
the stiffer elastic band and 4.47 mJ/cycle for the softer elastic

5http://dcx.maxonmotor.com Maxon motor DCX 22S 24V with graphite
brushes and planetary gearhead, reduction ratio 186:1

6Zwick Roell Z005.
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Fig. 6. Characteristic curves of force versus displacement of the elastic
elements.

band. Reducing this hysteresis could lead to increased energy
savings in our test setup [4].

The pulleys of the platform allow to change the linear elas-
tic constant into the corresponding torsional elastic constant:
Kt = kr2 (in Nm/rad), where r is the pulley radius. For
instance, with a pulley of r = 3 cm, the torsional elastic
constant for the stiffer sample is Kt = 0.57 Nm/rad. Using
different pulley radius and different elastic elements, we can
have different spring values as well. Notice that the torsional
constants can be calculated with good accuracy. It is possi-
ble to estimate the error on the torsional spring constant EKt

by evaluating the expression (Kt + EKt) = (k + Ek)(r + Er)
2,

Since the worst-case error in determining the linear constant,
is Ek ≈ ±62 N/m and since the error on the radius of the 3-D-
printed pulleys7 is Er ≈ ±1 mm, we obtain EKt ≈ 0.1 Nm/rad
≈ ±17%Kt. However, the available values depend on the
materials and on the pulleys used. Based on these calculations,
for the implementation we consider K̂ ±10%. The differences
between the costs when using the theoretical optimal values
and the implemented values of stiffness do not change signif-
icantly in simulation (around 1% as shown in Table II). For
the experiments carried out, we have used five different rubber
bands and pulleys of two different radii (r = 2 cm and r = 3
cm).

The experiments have been carried out to accomplish a
repetitive task, as a pick-and-place task, where the end effec-
tor moves cyclically from one initial position Q1 to a certain
final position Q2, which are defined previously. There are two
interesting cases for this study that will be considered, namely,
predefined link trajectories to accomplish the desired task, and
optimized link trajectories.

4) Stiffness Optimization of Two-DoF Manipulator With
Predefined Trajectory: Consider now the case of stiffness
optimization of the two-link manipulator with predefined tra-
jectory. Assume a simple case of cyclic trajectory, defined
for each link as qj = Aj cos ωt + Bj, where the frequency ω

can be chosen according to the system specifications, and the
amplitude Aj and offset angle Bj, as well as the input to the
motors, i.e., θj, are properly calculated through inverse kine-
matics, considering the elastic element between the actuator
and the link.

7Stratasys Dimension Elite.

TABLE IV
RESULTS: MEASURED INDEX J1 AND CURRENT CONSUMPTION FOR

EACH STIFFNESS CASE FOR ONE CYCLE OF THE PICK AND PLACE TASK.
DISTANCE FROM THE DESIRED INITIAL Q1 = (−13, 5) AND END

Q2 = (14, 6) POINTS OF THE PICK AND PLACE TASK

FOR EACH CASE OF ACTUATION

Recall the simulation results reported in Section VI-A,
which are used to generate the experimental trials in this sec-
tion. For the particular case, the desired initial and end points
of the pick-and-place task, as well as the desired trajectories
are the ones presented in the simulation results in Table II. The
use of elastic actuation was analyzed in four cases: first, using
the implemented optimal spring values (K∗

j ≈ K̂j ± 10%) for
each joint K∗

1 = 0.22 Nm/rad and K∗
2 = 0.1 Nm/rad, calcu-

lated through the methodology presented; second, with softer
springs than the optimal for each joint K1soft = 0.08 Nm/rad,
K2soft = 0.06 Nm/rad; third, using an elastic element stiffer
than the optimal one, K1stiff = 0.57 Nm/rad, K2stiff = 0.35
Nm/rad; and finally the rigid case. In all the studied cases,
we verify that the desired joint trajectories (θ) are followed
properly. The measured joint position tracks the desired joint
trajectory given to the motor with a mean error of 0.1%. All the
calculations have been done considering the steady state of the
system. The analysis of the initial current pick consumption
and transient is not in the scope of this work.

Furthermore, to ensure that the task performed is the same
in all the compared cases, we verify the behavior of the corre-
sponding link trajectories. Beyond having similar link angular
positions, the comparison is done between the correspond-
ing initial and end desired positions of the end effector Q1
and Q2 for each case of analysis, i.e., the task is accom-
plished. Table IV shows the distance between the experimental
and the desired values of the initial and end positions for
the same desired link trajectories using different stiffness val-
ues, namely, optimal, softer than the optimal, stiffer than the
optimal, and rigid.

Fig. 7(a) and (b) show the measured link positions q1
and q2, respectively, for the four cases of stiffness analyzed.
Observe that the softer elastic, particularly in Link 2 produces
higher angular position errors and a delay.

The angular positions of Link 2 in the other cases (optimal
spring, stiffer spring, and rigid actuation) behave as expected.
Instead, there are bigger differences in the position of Link 1
with respect to the desired behavior. The differences in the
measured link positions are mainly due to nonlinearities,
nonmodeled dynamics, and uncertainties in the model.

The IRMS value of each joint provides additional information
to analyze the energy consumption and it is strictly related to
the cost indices. We have observed that with the optimal joint
stiffness the IRMS is always lower than for the rest of the cases,
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(a)

(b)

Fig. 7. Compared link positions for the same desired task. (a) Link 1.
(b) Link 2.

proving that lower energy consumptions can be obtained with
the optimization of actuation parameters. Moreover, the stiff
transmission is not always the worst case in terms of energy
consumption; the softer case can also be the most expensive
one.

Table IV summarizes the cost results for the presented case.
When using the optimal springs, the savings in terms of J1
are at least 58% w.r.t. a stiffer case and 79% w.r.t. the rigid
case. Notice that the trend is the same as expected from the
simulations. The values in Table IV are calculated from the
measurements, therefore, the accuracy of the index depends
directly on the sensors accuracy, which for the encoders
is θ ± 0.002 rad, and for the current sensors is I ± 1
mA. The error on the cost index EJ1 can be computed by
evaluating the equation (J1 + EJ1) ∝ (I + EI)

2(θ̇ + Eθ̇ )
2,

assuming as reference values θ̇ = 9 rad/sec and I = 1 A,
thus, obtaining EJ1 ≈ ±0.24%J1, which is accurate for our
purpose.

In general, a significant energy saving is achieved when
optimizing the actuation parameters. In the following, we
present some consolidated results from a set of experiments.
We carried out 320 trials of the same task using differ-
ent elastic transmissions and different trajectories at different
frequencies as summarized in Table V. Fig. 8 shows the costs
of this repetitive task when using the optimal stiffness rather
that softer, stiffer, or rigid actuation. We chose different desired
trajectories at different frequencies from the 320 trials per-
formed, as summarized in Table V. In each case, the cost
of the task was calculated when the system has reached the

Fig. 8. Normalized actuation performance of the trajectories of Table V.

TABLE V
DIFFERENT CASES OF LINK TRAJECTORIES q1 AND q2 USED TO REPORT

FIG. 8. COEFFICIENTS A AND B ARE IN RAD,
AND FREQUENCIES ω ARE IN RAD/S

steady state. For the analysis, the cost J is normalized in every
case with respect to the cost of when using the optimal actu-
ation parameters, such that for the latter, the normalized cost
is Jn = 1. Furthermore, notice that for all the other cases of
stiffness, the cost is always higher than when optimizing the
stiffness. Depending on the frequency and on the amplitude of
the desired trajectories, the optimized stiffness allows energy
savings up to 79%.

5) Simultaneous Optimization of Link Trajectories and
Stiffness of Two-Link Manipulator With SEAs:

Herein, we present the case of simultaneous optimization
of joint trajectories and stiffness of a two-link manipulator
with SEAs. In this part, the results reported correspond to a
set of experiments carried out to test the optimal trajectories
and stiffness found by solving the problem with GPOPS-II as
described in Section VI. In order to compare the results with
the previous case of predefined trajectories, the conditions of
the experiments are the same; the initial and end points (Q1;
Q2) of the task are the ones chosen before. The desired states
of the links are shown in Fig. 9. The optimal joint stiffness
for this example is K̂1 = 0.12 Nm/rad and K̂2 = 0.05 Nm/rad.
Recall results on Table IV. Now, Table VI shows the distance
between the experimental and the desired values of the ini-
tial and end positions when using the optimal stiffness and
optimal joint trajectories. On the other hand, regarding the
cost index, observe that the mean square value of the current
spent is IRMSTotal = 1.09 Arms and the index J1 = 0.12 which
is approximately a 20% lower consumption than the optimal
case when using a predefined sinusoidal trajectory, under the
same conditions.
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Fig. 9. Optimization of trajectories: desired steady states trajectories for the
manipulator’s links state. q1 = 0.44 cos(3t) + 1.5 and q2 = 1.65 cos(3t) .

TABLE VI
RESULTS: INDEX AND CURRENT CONSUMPTION FOR ONE

CYCLE OF THE PICK AND PLACE TASK

Fig. 10. Joints (top) and links (bottom) angular positions, measured versus
desired.

Fig. 10-top shows that the joints track the angular position
and achieve a steady state. Fig. 10-bottom shows the measured
link positions q1 (left) and q2 (right) compared to the desired
trajectories given by the optimization process in GPOPS-II.
Due to the nonlinear behavior of the elastic elements, particu-
larly the one of Link 1, the angular position presents a periodic
error. However, the behavior of the system in terms of the
initial and end points of the end-effector is not significantly
affected, achieving the task.

VIII. CONCLUSION

In this article, we extended the methodology proposed
in [39] in order to determine the optimal actuation parameters
that minimizes a cost functional based on energy consumption.

We considered well-known tasks, mainly cyclic, as the pick-
and-place, to gain insight in the role of elastic actuation
for reducing the energy cost during the motion. The results
obtained can be applied directly to more complex systems such
as hopping robots for which soft actuation can be exploited to
achieve a reduction of the energy cost.

Also, we have shown that the trajectories to accomplish
a task play an important role. The problem of simultane-
ously optimizing the trajectories and the actuation parameters
is complex because these variables are highly coupled. Thus,
to solve this problem, the optimization problem was cast in a
simpler one that regards only the link trajectories. To solve the
trajectory problem, there are some parameters that are needed
a priori, namely, the period or the total duration of the task;
the frequency of the motion; the mechanical constraints; the
initial and final position of the links and any point reached by
the link.

Several simulations and some experimental tests were car-
ried out to show the validity of the methodology extension
proposed in this article. The strength point of our work
is the fact that, thanks to our extended methodology, it
is possible to decouple complex problems in which it is
needed to concurrently optimize the actuation parameters and
the link trajectories, providing an analytical solution to the
optimization problem. We are also able to show that using the
optimal actuation parameters the savings obtained go up to
62% with respect to a rigid actuation and further savings of
at least 20% are obtained when optimizing simultaneously the
actuation parameters and the link trajectories.
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